The well known g-conjecture for homology spheres follows from the stronger conjecture that the face ring over the reals of a homology sphere, modulo a linear system of parameters, admits the strong-Lefschetz property. We prove that the strong-Lefschetz property is preserved under the following constructions on homology spheres: join, connected sum, and stellar subdivisions. The last construction is a step towards proving the g-conjecture for piecewise-linear spheres.
where h k = 0≤i≤k (−1) k−i d−i k−i f i−1 , and in case the h-vector is symmetric, its g-vector is g(K) = (g 0 , ..., g ⌊d/2⌋ ) where g 0 = h 0 = 1 and g i = h i − h i−1 for 1 ≤ i ≤ ⌊d/2⌋.
Let F be a field, A = F[x 1 , .., x n ] be the polynomial ring over F, where each variable has degree one, and A i is the degree i part of A. The face ring of K, called also Stanley-Reisner ring, is F[K] = A/I K where I K is the ideal in A generated by the monomials whose support is not an element of K. Let Θ = (θ 1 , .., θ d ) be a linear system of parameters (l.s.o.p. for short) of F[K] -if F is infinite it exists, e.g. [22, Lemma 5.2] , and generic degree one elements will do. , we say that K has the strong-Lefschetz property, or that K is SL (over F).
As was shown by Stanley [21] , for K the boundary complex of a simplicial rational d-polytope P , the l.s.o.p Θ induced by the embedding of its vertices in R d and ω = 1≤i≤n x i demonstrate that K is SL over R; hence so do generic (Θ, ω).
Our main result is that the following constructions on homology spheres preserve the strong-Lefschetz property. Theorem 1.2. Let K and L be homology spheres over a field F, and let F be a face of K. Denote by * the join operator, by # the connected sum operator, and by Stellar(F, K) the stellar subdivision of K at F . The following holds:
(1) If K and L are SL over F and F has characteristic zero then K * L is a SL homology sphere (over F).
(2) If K and L have the same dimension and are SL then K#L is a SL homology sphere. (True over any field.) (3) If K and lk(F, K) are SL over R then Stellar(F, K) is a SL homology sphere (over R). In particular, if K is SL over R then so is its barycentric subdivision. Remarks 1.3. (1) Replacing the class of homology spheres by the class of piecewise linear (PL) spheres, Theorem 1.2 still holds. More generally, if S is a class of simplicial complexes with the SL property, then any complex in its closure w.r.t. join and connected sum is also SL. If S is closed under links, then any complex in its closure w.r.t. stellar subdivisions is also SL. (2) Any PL-sphere can be obtained from the boundary of a simplex by a sequence of stellar subdivisions and their inverses (e.g. the survey [12] ). Thus, to prove the g-conjecture for PL-spheres it is left to prove that the SL property is preserved under the inverse of stellar subdivisions, in the case of PL-spheres. For arbitrary complexes, the inverse moves may destroy the SL property, which indicates that this direction is more difficult to prove. (3) A similar result to Theorem 1.2(3) was obtained recently, and independently, by Murai [17] , using different ideas: if one assumes that lk(F, K) * ∂(F \ {u}) is SL for some u ∈ F instead of that lk(F, K) is SL, the conclusion Stellar(F, K) is SL still holds. His proof works for arbitrary field. Can his proof be used to prove Theorem 1.2(3) for arbitrary field? (4) We use Theorem 1.2(1) to prove Theorem 1.2(3). Can Murai's result [17] be used to prove the assertion Theorem 1.2(1) for arbitrary field?
The CM property and the strong-Lefschetz property have equivalent formulations in terms of the combinatorics of the symmetric algebraic shifting of the original simplicial complex [9] (definitions and further details appear in Section 3). We consider this reformulation in the context of exterior algebraic shifting, and extend some of our results to this context as well.
This paper is organized as follows: in Section 2 we discuss the effect of join on face rings and prove Theorem 1.2(1). In Section 3 we give background on algebraic shifting and the interpretation of various Lefschetz properties in terms of shifting. In Section 4 we compare the strong and weak-Lefschetz properties, to be used later in the proof of Theorem 1.2(3). In Section 5 we relate a certain Lefschetz type property, in terms of algebraic shifting (symmetric and exterior), to certain edge contractions, and use it to conclude Theorem 1.2(3). In Section 6 we show that connected sum preserves both the strong and weak-Lefschetz properties, also in the exterior algebra context; in particular we prove Theorem 1.2(2).
Strong-Lefschetz and join
The following auxiliary lemma is used in the proof of Theorem 1.2(1). 
we have already constructed a direct sum of F[ω]-invariant spaces,Ṽ i−1 , which containsH i−1 := H 0 ⊕ ... ⊕ H i−1 , in which each V m contains some nonzero element ofH i−1 . We now extend the construction to have these properties w.r.t.H i .
Let
), and let m 1 , ..., m t form a basis
showing that its intersection with each H l is zero. For l > d − i or l < i this is obvious. Otherwise, an element in V i ∩Ṽ i−1 ∩ H l is of the form ω l−i+1 x = ω l−i y where
As ω is a SL-element, multiplying by ω d−i+1−l , the LHS is nonzero while by definition of W i the RHS is zero, a contradiction. We now show that the direct sum in degree i (
and H i has the desired properties. As the h-vector of K is symmetric, H =H ⌊d/2⌋ , which completes the proof.
Recall that the join of two simplicial complexes with disjoint sets of vertices is K * L := {S ∪ T : S ∈ K, T ∈ L}. Theorem 2.2. Let K and L be homology spheres over a field F on disjoint sets of vertices, of dimensions
P roof : (0) is easy and well known; it implies that K * L is CM with a symmetric h-vector. We now exhibit a special l.s.o.p. for K * L.
For a set I let
The above isomorphism induces an isomorphism of A-modules
proving (1) . By Lemma 2.1,
First let us consider the case
where σ j is the jsimplex, θ is an l.s.o.p. induced by the positions of the vertices in an embedding of σ d K −2i as a full dimensional geometric simplex in R d K −2i with the origin in its interior, and ω = v∈σ 0 x v is an SL element for R[∂σ d K −2i ]/(θ). Thus, to prove (2) for F = R it is enough to prove it for the join of boundaries of two simplices with l.s.o.p.'s as above and the SL elements having weight 1 on each vertex of the ground set.
Note that the join ∂σ k * ∂σ l is combinatorially isomorphic to the boundary of the polytope P := conv(σ k ∪ {0} σ l ) where σ k and σ l are embedded in orthogonal spaces and intersect only in the origin which is in the relative interior of both. McMullen's proof of the g-theorem for simplicial polytopes [15, 14] states that 
Picking the basis 
consist of integer entries (all entries are binomials). The case F = R shows that its determinant is nonzero, hence (2) follows for every field of characteristic zero.
In particular, Theorem 2.2 implies Theorem 1.2 (1) . Similarly, as the join of PL spheres is a PL sphere, Remark 1.3(1) follows in the same manner.
Remarks 2.3. (1) As a nonzero multiple of an SL element is again SL, then in Theorem 2.2(2) any element aω K + bω L where a, b ∈ F, ab = 0, will do.
(2) A closer look at the integer matrix used in the proof shows that if char(F) = 0 then there exist simplices
On the other hand, for strongly edge decomposable complexes, introduced in [18] , Murai proved recently, see [17, Corollary 3.5] , that the SL property holds over any field. The join of boundaries of two simplices is strongly edge decomposable (identify a pair of vertices, one from each simplex, to obtain the boundary of a simplex), hence for some other l.
has an SL-element. This raises the following question:
Problem 2.4. Does Theorem 1.2(1) hold for a field of arbitrary characteristic?
Can the results in [17] be used to prove this?
Algebraic shifting
Let < denote the usual order on the natural numbers. A simplicial complex K with vertices [n] = {1, 2, ..., n} is shifted if for every i < j and j ∈ S ∈ K, also (S \ {j}) ∪ {i} ∈ K.
Algebraic shifting is an operator associating with each simplicial complex a shifted simplicial complex. It has two versions -exterior and symmetric, both introduced by Kalai. Various invariants of the original complex, like its f -vector and Betti numbers, can be read off from its shifting. For a survey on algebraic shifting see Kalai [10] . For completeness we give now the definitions of exterior and symmetric shifting. Exterior shifting. Let F be a field and let k be a field extension of F of transcendental degree ≥ n 2 (e.g. F = Q and k = R, or F = Z 2 and k = Z 2 (x ij ) 1≤i,j≤n where x ij are intermediates). Let V be an n-dimensional vector space over k with basis {e 1 , . . . , e n }. Let V be the graded exterior algebra over V . Denote e S = e s 1 ∧ · · · ∧ e s j where S = {s 1 
j )} is a basis for j V . Note that as K is a simplicial complex, the ideal (e S : S / ∈ K) of V and the vector subspace span{e S : S / ∈ K} of V consist of the same set of elements in V . Define the exterior algebra of K by
Let {f 1 , . . . , f n } be a basis of V , generic over F with respect to {e 1 , . . . , e n }, which means that the entries of the corresponding transition matrix A (e i A = f i for all i) are algebraically independent over F. Letf S be the image of
to be the exterior shifting of K, introduced by Kalai [6] . The construction is canonical, i.e. it is independent of the choice of the generic matrix A, and for a permutation π :
. It results in a shifted simplicial complex, having the same face vector and Betti vector as K [2] . Symmetric shifting. let us look on the face ring (Stanley-Reisner ring) of
., x n ]/I K where I K is the homogenous ideal generated by the monomials whose support is not in K,
is graded by degree. Let F ⊆ k be fields as before and let y 1 , . . . , y n be generic linear combinations of x 1 , . . . , x n w.r.t. F. We choose a basis for each graded component of k[K], up to degree dim(K) + 1, from the canonic projection of the monomials in the y i 's on k[K], in the greedy way:
., y i m are also in GIN(K). Thus, GIN(K) can be reconstructed from its monomials of the form m
Denote this set by gin(K), and define S(m) = {i 1 − r + 1, i 2 − r + 2, .., i r } for such m. The collection of sets
carries the same combinatorial information as GIN(K). ∆ s (K) is a simplicial complex. Again, the construction is canonic, in the same sense as for exterior shifting. If k has characteristic zero then ∆ s (K) is shifted [8] .
Lefschetz properties via shifting. K is CM (over F) iff ∆ s (K) is pure (i.e. all its maximal faces have the same size) and the following condition holds
To see this take the first d elements in a generic basis {y 1 , ..., y d } to be an l.s.o.p. for K. 
Equivalently, ∆(d, n) is the maximal pure (d−1)-dimensional simplicial complex with vertex set [n] which does not contain any of the sets T d , ..., T ⌈d/2⌉ , where
To see this, take the (d + 1)'th element in a generic basis, y d+1 , to be the strong-Lefschetz element: indeed,
, and when h(K) is symmetric this happens iff these maps are isomorphisms.
Let ∆(K) refer to both symmetric and exterior shifting. Kalai refers to the relation
as the shifting theoretic upper bound theorem. To justify the name, note that the boundary complex of the cyclic d-polytope on n vertices, denoted by
Recently Murai [16] proved that also ∆ e (C(d, n)) = ∆(d, n), as was conjectured by Kalai [10] . It follows that if K has n vertices and (4) holds, then the f -vectors
For K as above (CM with symmetric h-vector), weaker than the strongLefschetz property is to require only that multiplications y d+1 : H(K) i−1 −→ H(K) i are injective for 1 ≤ i ≤ ⌈d/2⌉ and surjective for ⌈d/2⌉ < i ≤ d, usually called in the literature the weak-Lefschetz property (WL for short). Even weaker is just to require that multiplications y d+1 : H(K) i−1 −→ H(K) i are injective for 1 ≤ i ≤ ⌊d/2⌋, called here WWL property. (Injectivity for i ≤ ⌈d/2⌉ in the case of homology spheres implies also surjective maps for ⌈d/2⌉ < i ≤ d as was noticed by Swartz; see the proof of Theorem 4.2 below.) The WWL property is equivalent to the following, in the case of symmetric shifting [3] :
The first condition holds when K is CM, and the second condition holds iff K is WWL. As was noticed in [3] , (5) is implied by requiring that ∆(K) is pure and every S ∈ ∆(K) of size less than ⌊d/2⌋ is contained in at least 2 facets of ∆(K). Note that if L is a homology sphere, it is in particular CM with a symmetric h-vector. If in addition it is WWL, then in the standard ring
, and Conjecture 1.1 holds for L.
We summarize the discussion above in the following hierarchy of conjectures, where assertion (i) implies assertion (i + 1):
This is equivalent to ∆(K) ⊆ ∆(d), and in the symmetric case this is equivalent to L being SL.
(
is an M -vector.
Strong Lefschetz versus weak-Lefschetz
Examples of Gorenstein algebras admitting the weak-Lefschetz property but not the strong-Lefschetz property were found in [5, Example 4.3] . For Gorenstein algebras arising as face rings of homology spheres the SL property is conjectured to hold. Does it follow from the (conjectured) WL property for homology spheres? We end this section with a result in this direction, to be used later in the proof of Theorem 1.2(3). Consider the multiplication maps ω i :
, which we simply denote by Ω(K, ⌊d/2⌋).
The following is well known, see e.g. [23, Proposition 3.6] for the case Ω SL (K, i); similar arguments can be used to prove the same conclusion for Ω W L (K, i). 
Note that the sum , and we get that m(ω T ) = 0. Thus, Zariski topology tells us that for every ω T ∈ (A T 0 ) 1 , there exists 0 = m(ω T ) ∈ (
Lefschetz properties and Stellar subdivisions
Roughly speaking, we will show that Stellar subdivisions preserve the SL property.
Proposition 5.1. Let K be a simplicial complex. Let K ′ be obtained from K by identifying two distinct vertices u and v in K, i.e.
(K). (Shifting is over R.)
The case d = 2 and dim(K) = 1 of this proposition was proved by Whiteley [26] in the symmetric case. The relation between symmetric shifting and rigidity of graphs, discussed in Lee [11] , is used to translate his result to algebraic shifting terms.
Proof for symmetric shifting: Let ψ : K 0 −→ R 2d be a generic map, i.e. all minors of the representing matrix w.r.t. a fixed basis are nonzero. It induces the following map:
where δ F ⊆T equals 1 if F ⊆ T and 0 otherwise. Consider the following degenerating map: for 0 < t ≤ 1 let ψ t : K 0 −→ R 2d be defined by ψ t (i) = ψ(i) for every i = u and F ) ) be the map induced by ψ t ; thus ψ 2d K,1 = ψ 2d K . Let ψ 2d 0 be the limit map lim t →0 ψ 2d K,t . Thus for T such that {u, v} ⊆ T ∈ K d−1 ,
Assume for a moment that ψ 2d 0 is injective. Then for a small enough perturbation of the entries of a representing matrix of ψ 2d 0 , the columns of the resulted matrix would be independent, i.e. the corresponding linear transformation would be injective. In particular, there would exist an ǫ > 0 such that for every 0 < t < ǫ, Ker ψ 2d K,t = 0, and hence for every φ : K 0 −→ R 2d in some Zariski non-empty open set of maps, Ker φ 2d K = 0. Thus, the following Lemma 5.2 completes the proof. 
, and B| D 3 = 0. Assume we have a linear dependency
, hence Ker ψ 2d K ′ = 0, thus α T = 0 for every base element T except possibly for T containing {u, v} and for
Let ψ 2d 0 | res be the restriction of ψ 2d 0 to the subspace spanned by the base elements T such that v ∈ T and for which it is (yet) not known that α T = 0, followed by projection into the subspace spanned by the F ∈ 
where δ F ⊆T equals 1 if F ⊆ T and 0 otherwise, and span(ψ(F )) is the image of span(ψ(F )) in the quotient space R 2d / span(ψ(v)). Consider the projection π :
be the induced map as defined in (6) . Then π induces π * ψ 2d 0 | res =ψ Clearly the set of all ψ such that ψ 2d K is injective is Zariski open. We exhibited conditions under which it is non-empty. The choice k = R was needed for the perturbation argument.
Proof for exterior shifting:
The proof is similar to the proof for the symmetric case. We indicate the differences. ψ : K 0 → R d+1 defines the first d + 1 generic f i 's w.r.t. the e i 's basis of R |K 0 | and induces the following map:
where f i ⌊· is the left interior product given by bilinear extension of e S ⌊e T = δ S⊆T sign(S, T )e T \S , as in [7] . By [19 
, and hence by shiftedness {d + 2, .. 
, where v T is a vertex not in K and st(T, K) = {S ∈ K : T ⊆ S}. Note that for u ∈ T ∈ K, u, v T ∈ K ′ satisfy the Link Condition and their identification results in K. Further, lk({u, Note that L = Stellar(F, K * ∂σ), and that for
Applying Zariski topology considerations to subspaces of the space of maps {f :
In matrix language, the first 2d−2i 0 −1 columns of [ψ| K 0 ∪σ 0 ] form an l.s.o.p. of R[K * ∂σ], and its last column is the corresponding SL element.
To (1) and (2) hold.
The set of restrictions ψ| T 0 of maps ψ with property (3) is nonempty Zariski open in the subspace {f : T 0 → R d ⊕ 0 ⊕ 0}; hence, so is its projection on the linear subspace {f : st(F, K) 0 → R d ⊕ 0 ⊕ 0}. By similar considerations to the above, there are maps ψ for which all the properties (1), (2) and (3) hold.
The proof of Proposition 5.1 together with properties (1) and (2) tell us that for small enough ǫ, the map ψ" : 
. This contradicts our earlier conclusion, which was based on assuming that the assertion of this theorem is incorrect. P roof : We prove by double induction -on dimension, and on the sequence of operations of types (0),(1) and (2) which define S ∈ S -that S and all its face links are SL. Let us call S with this property hereditary SL.
Note that every S ∈ S and every boundary of a simplex, is hereditary SL. This includes the (unique) zero-dimensional sphere and provides the base of the induction. (Actually it is known that every (homology) sphere of dimension ≤ 2 is hereditary SL.)
Clearly if S is hereditary SL, then so are all of its links, as lk(Q, (lk(F, S)) = lk(Q ⊎ F, S). If S and S ′ are hereditary SL then by Theorem 2.2 so is S * S ′ (here we note that every T ∈ S * S ′ is of the form T = F ⊎ F ′ where F ∈ S and F ′ ∈ S ′ , and that lk(T, S * S ′ ) = lk(F, S) * lk(F ′ , S ′ )). We are left to show that if F ∈ S and S is hereditary SL, then so is T := Stellar(F, S). Assume dim F ≥ 1, otherwise there is nothing to prove. We are left to show that T is SL: S is SL, and for u ∈ F lk({v F , u}, T ) = lk(F, S) * ∂(F \ {u}) is SL by Theorem 2.2. Thus, by Theorem 1.2(3) T is SL, and together with the above, T is hereditary SL.
The barycentric subdivision of a simplicial complex K can be obtained by a sequence of Stellar subdivisions: order the faces of K of dimension > 0 by weakly decreasing size, and perform Stellar subdivisions at those faces according to this order; the barycentric subdivision of K is obtained. Brenti and Welker [4, Corollary 3.5] showed that the h-polynomial of the barycentric subdivision of a Cohen-Macaulay complex has only simple and real roots, and hence is unimodal. In particular, barycentric subdivision preserves non-negativity of the g-vector for spheres with all links being SL. The above corollary shows that the hereditary SL property itself is preserved.
Lefschetz properties and connected sum
Let K and L be pure simplicial complexes which intersect in a common closed facet < σ >= K ∩ L. Their connected sum over σ is K# σ L = (K ∪ L) \ {σ}. 
where the ι's denote the obvious inclusions. |F| = ∞ guarantees the existence of an l.s.o.p. for each of the (d − 1)-complexes in Theorem 6.1(1), and as a finite intersection of Zariski nonempty open sets is nonempty, Θ as in (1) exists. When we mod out Θ from (8) , which is the same as tensor (8) with ⊗ A A/Θ, we obtain an exact sequence of A-modules:
where in the middle term we used distributivity of ⊗ and ⊕. Note that The analogues statement for exterior shifting is also true. These assertions follow from the characterization of the algebraic shifting of a union of complexes whose intersection is a simplex, given in [19] . To obtain the shifting of K#L from the shifting of K ∪ L just delete the facet {2, 3, ..., d, d + 2} which represent the extra top homology in K ∪ L.
